


What is this class about ?

concentration of random matrices
.

-

scalar valued because the concentration is

rector valued of a statisticthat's sensible

matrix valued I when viewing the object
as a matrix

Spectrum X
, Clargest eigenvalue) ·

Spectral norm. ...

Our focus ison applications to theoretical

computer science randomizednumeral
hi

① algorithm design : graph sparsification
sebra

graph partitioning,

analysis ofalgo on rand

enputs....

& statistical estimations estimation from
samples

covariance/moments,

sparse regression, compressive sensing
--

③ coding theory/combinatories
: garth problems, ..



① complexityTheory: constructionexistences -

expandergraphs,
⑤ Quantum Information : quantumquery algos

⑧ discrepancythery : beatingtheunion

#ha at the beginning

Bond

Basic Matrix Canc Inequalities ,
Proofse

Tight cases

Let's startby recalling three standard,
simple concentration inequalities
for which we will soon write

the metix analogs



Khintchine inequality "Simplest" ?

real numbers.
d, .... an

8
..

-.. En independent Gaussian
vandom variables.

b
.

-
- . bn independent ,

uniform I rand
vars

Then, "Rademacher"

Ellie =S

c. #(libia]Ca
c =, c = 1.



eneral thanBernstein Inequality moveg
Khintchine

Xy , = .., Xn independent, zero-mean,
XiEL almost surely

.

Xi
Then

,

-th

Pr[EXix2tr]] e
y

for all Ost=--24



Chernoff Bound natural for Bernoulli
-deviationNative to themean

indep 1 w . p. PeEXx-- -Xn Xi =
0 ow

M
= E[SX] = SiPi

Them
,

PrS[iXi_ Chem] so
-04/

Pr[EiXC-M]<
M



We first start with the matrix analog of
- We will lateKhintchine inequally

use it to establish matrix analogs

of Bernstein and
Chernoff two

Matrix Khinchine Inequality
[Lust-Piguard , Pisiv'91)

There are
absolute constants c,(>0

sit. the following holds
.

For any
A.....,

An ,
mxn

real
mmetric matrices

sy

c .r() Elli8:AillzCognw()
g

HereIf i a vector of standard
Gaussian

Vardam variables · G= maxEliAiAiz,
IIScATAill]



Concrete
,

wecan take C=FCre

Further, there exist C,
C's Ost.

Ca() EllZbiAilzegr)
5

where bi are uniform, indep EIB-randvars
.

Remark :(the Nogmt dependence is fight

Ex1 : Act where ei=( ...)
↑
itpos

ThenIngiAi is a
matrix of

indep standard
Gaussians onthe diagonal

Ell EiSiAillzmax[1s ,
l
, -. 18

gmt



Ex2: (lowertail is tight).

Aj=e fij

ThenEll EnFijAijl
= +oc) im

while(* )=

Ex3 :(tightness in
the Raderechercase)

②Suppose m
= 2"

Choose Y1 c ...,
YmEGF" to be

the set of all possible Eisentry
Vectors.

Set Ai(rs) = Vy(s).

Then I/Zibiillz= MaxboY
-

= n + b

= IEANo



⑥ Suppose m2V
·

Then,



Applicationto GraphSparsification

Defection (E-cut sparsifer)

Let G (V ,
E) be an

undirected , unweighted

graph on n= /VI vertices.

A weighted graph
GCV ,E/WIEEIRA

is

an E-cutsparsifier for2
:FSev

Cr-a)/ES ,5))E/Ey(5,
5)1[Ch + legsisc

Here,
Egls ,5) = Ge=SijyElieS,jE5]

& (Ey(s,51l
= E We

etE'nEy(5,
5)

Remark : E-cut sparsifers satesfyarelative-

-

errorguarantee
-> small cuts here a

smaller absolute error.
This is a key difficulty

in constructing them



Theorem : For every (weighted)graph
GIVE)

-

there is an E-cut sparsifier with

m = 0 (log()) edges· Ok

#" combinatorial methods Karger,
1993

,
95 + sampling KargerStein

2006 spectralmethod Spielman
+ sampling Srivastava

Batson-Spielman
2008

convex programming Srivastava

Today : an
iterative halving argument

Let's present the key piece first

Towards this let's first relate

cut sparsification to quadrate
form approximation.



Ag : adjacency matrix , nxn

Aslij) = GWe if e
= GijbE

o o (w

La= Da- AG
where Dj(ii)= We

,Di
-

diagonal matrix of
weighted degrees i , j

For ede ijg ht Le=~ -

edge Laplacin

semidefrite
Obs La= &Le , is also PSD

.

eEE

obsVs If G is connected, La has a Kernelsfdiml .



Obs(cuts vs El-vector qued forms)

Let SEV . Define x= 1(s) -#(5)

= Stifie
s

2

Then setLix = [Wecki-sj)
Eij] =eE

= 4 . /Ey(s,5)/

Def Espectral Sparsifier)
G'(VIE) is an E-spectral sparsifer of
GIVE if -2) LyE LEE

CHa) .Lo

= Fz, lyze(le)
.ZLgZ

Spectral sparsifier= approximate all gued forms

Cutsparsifier = approximate El-vector goodforms



SpingLamma : Let G (VIE,w)be a

-

weighted graph with m2

edges .
Then there's a weighted

graph GCV ,
E,w's such that

① IE1[(%)El .

⑳ ( - 5)(y(d4(l+d) .L

for J = 0(Night)

Let's first see how to complete

the proof using this lemma
.



EarsificationAlgo :

1) Set Eo
=E .

Let MoFIE)
-

W" H

2) For i
= 1 ,

2,...

& while Mi, lo
apply splitting lemma

on

GiFiphe
to obtain E' ,

W
j

⑯ set Fi=Eg
We w

3)Go to Step 1.

Let it be
the fud iteration



Analysis:
condition an Mimimit

g

* ii *-> event occurs withyou

enoughto found

IIW
-ZwetEn-
E

Part-D

For large enough <St · My n



Let's argueby induction out

El
I -D

True easily for t
= 1
.

Let's argue the
inductivestep

If true for
tly them,

fist

IEr
+c

etEi 12 for large
enough c.

Soils
i=

as Me decreasegenetically



= Contas decie

Let's now price the splitting
lemma

-



Proof : WLOG assume G is connected.

1
. From relativeto

additive error.

Defnormalize
Laplaca

~ Hz



Aside : LG = IXiViVe brEvD

then LE = EXIVIVIT "pseudoero
inxi

= Vivit upsendo
iixi> o enverse

square
root"

He
& [Weite = Lik

eEE = I Vivi t
: xpo

: Let 'EE

ThenI We're we've
I CE

etE

ift 11 [wele-zweTellzzo
etE

CE'



Proof of abs Note Lat=Li=P & ↳
- has rank

So
supposeEIRY,

CLIP n-1

Them

#xipetZweLexx
E5 .xX

i..(wee-

-were
= 5 . (a)

=

Fy : lyTCweTely-Y welletE

- G - 11y11

= Il Zwete-were



Sep2 : "subsample less important edges
"

Befo(importance) Given
G(VE)gW :EFIR+

I(e)Filwetel

Claimi [I(e)
=

- eEE

If: [Ice)=
EllieFell
etE

= E Tr (wetel
etE

= TreTel
= Tr(LELL=Tr

= n - 1
.



Glory : For at least m edges ,

I(e) = 2
. A.
m

If: Markov+ claim

Samplingschere: Let ESENGen&
Esad

be chosen
PLet SEEEB

unformly
atrandom

↳)Set E
= Elegany Sees

We'=
Weif etEleson⑪ good

E eifetE'RE
o of



Cas If mz nlogh , then
withprobatately at least 1- Yps ·

EmIE
If Chernoff bound.

Step3 : Error Analysis

IIwee-Zwetl
,e

etE

= IleZesoeve
Fella

↳

welog
Now , Since

FeeEgod WeTeGII



eEsd(ete)
-

c Ice
·Ze

~ etE

& Ice)[WeFee
Thus
, lleEsodeite

Thus
, by D,

IIIWee-week
-

Ogn)
D



Notes:

The algorithm suggests a
natural

way
to improve (

& the key

reso we
chooseto presentthis

version instead of the Spielman-
Srivastava original).
-> insteadof choosings randomly
inthe splitting step ,

we

could try
to findthe

best

S that drops in by a
constant

factor while controlly
the

spectral norm of the signing



This is one way
to view the

idea of Batson-Spidman-
Srivastava that yields

a

"twice Vamanyam sparsifier"
with O edges.


