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The Geometry of Cyclical Social Trends

Bernard Chazelle

Abstract— We investigate the emergence of periodic behavior
in opinion dynamics and its underlying geometry. For this,
we use a bounded-confidence model with contrarian agents in
a convolution social network. This means that agents adapt
their opinions by interacting with their neighbors in a time-
varying social network. Being contrarian, the agents are kept
from reaching consensus. This is the key feature that allows
the emergence of cyclical trends. We show that the systems
either converge to nonconsensual equilibrium or are attracted
to periodic or quasi-periodic orbits. We bound the dimension
of the attractors and the period of cyclical trends. We exhibit
instances where each orbit is dense and uniformly distributed
within its attractor. We also investigate the case of randomly
changing social networks.

I. INTRODUCTION

Much of the work in the area of opinion dynamics has
focused on consensus and polarization [1], [2]. Typical
questions include: How do agents come to agree or disagree?
How do exogenous forces drive them to consensus? How long
does it take for opinion formation to settle? Largely left out
of the discussion has been the emergence of cyclical trends.
A question worth examining is whether the process conceals
deeper mathematical structure. The purpose of this work is
to show that it is, indeed, the case.

Our main result is a proof that adding a simple contrarian
rule to the classic bounded-confidence model suffices to
produce quasi-periodic trajectories. The model is a slight
variant of the classic Hegselmann-Krause (HK) framework:
a finite collection of agents hold opinions on several topics,
which they update at discrete time steps by consulting their
neighbors in a (time-varying) social network. The modi-
fication is the addition of a simple repulsive force field
that keep agents away from tight consensus. The idea is
partly inspired by swarming dynamics, e.g. birds refrain from
flocking too closely. Likewise, near-consensus on a large
enough scale tends to induce contrarian reactions among
agents [3], [4]. Some political scientists have pointed to
contrarianism as one of the reasons for the closeness of some
national elections [5], [6].

Based on computer simulation, we found that it is not
specific distributions of initial opinions that produce os-
cillations but, rather, the recurrence of certain symmetries
in the networks. We prove that the condition is sufficient
(though its necessity is still open). Moreover, we show that
contrarian opinions tend to orbit toward an attractor whose
dimensionality is independent of the number of opinions
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held by a single agent. These attracting sets are typically
Minkowski sums of ellipses.

Our inquiry builds on the pioneering work of French [7],
DeGroot [8], Friedkin & Johnsen [9], and Deffuant et
al. [10]. The model we use is a minor modification of the
bounded-confidence model model [11], [12]. A HK system
consists of n agents, each one represented by a pointin R?. The
d coordinates for each agent i represent their current opinions
on d different topics: thus, d is the dimension of the opinion
space. At any (discrete) time, each agent i moves to the mass
center of the agents within a fixed distance ;, which represents
its radius of influence. This step is repeated ad infinitum.

Formally, the agents are positioned at x| (¢), . . ., x,(t) € R? at
time ¢t and forany r =0, 1,2, ...,
R Rp I (M
Xi = — )Cj N
N, 4

with Ni(0) = { 1</ < 2 (o) = x|, < i |-

Interpreting each N;(¢) as the set of neighbors of agent
i defines the social network G, at time ¢. In the special case
where all the radii of influence are equal (r; = R), convergence
into fixed-point clusters occurs within a polynomial number of
steps [13]-[15]. Computer simulation suggests that the same
remains true even when the radii differ but a proof has remained
elusive. In this work, we present a model where cyclical trends
in opinion change arise. This is accomplished by using a
vertex-transitive graph as social network (specifically a Cayley
graph), which stipulates that agents cannot be distinguished by
their local environment. Before defining the model formally in
the next section, we summarize our main findings.

o Undirected networks always drive the agents to non-
consensual convergence, i.e., to fixed points at which
they “agree to disagree.” For their behavior to become
periodic or quasi-periodic, the social networks need to be
directed. We prove that such systems either converge or
are attracted to periodic or quasi-periodic orbits. We give
precise formulas for the orbits.

« We investigate the geometry of the attractors. We bound
the rotation number, which indicates the speed at which
(quasi)-periodic opinions undergo a full cycle. We exhibit
instances where each limiting orbit forms a set that is
dense and, in fact, uniformly distributed on its attractor.

« We explore the case of social networks changing ran-
domly at each step. We prove the surprising result that
the dimension of the attractor can decrease because of the
randomization. This is a rare case where adding entropy
to a system can reduce its dimensionality.
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The dynamics of contrarian views has been studied before [3]—
[6], [16]-[18] but, to our knowledge, not for the purpose of
explaining cyclical trends.

II. CoNnTRARIAN OPINION DYNAMICS

The social network, with each vertex representing an agent,
is modeled as a time-dependent Cayley graph G¢, = (V, E;)
over an abelian group. Since every finite abelian group is
isomorphic to a direct sum of cyclic groups, the vertex set V
can be written as (Z/nZ) ® - - - & (Z/n,, Z). For simplicity, we
set n; = n, allowing us to represent V = (Z/nZ)"™ as a vector
space. The number of agents is denoted by N = |[V| = n"".
The edge set E; = J{(v,v+c)|v € V,c € C;} at time 1 is
determined by the convolution set C; C (Z/nZ)™.

We model the opinion x,,(¢) of agent v at time ¢ as a point in
R4, with the initial opinion x, (0) abbreviated to x,,. The agent’s
subsequent opinions evolve based on a weighted average of
their own previous opinion (allowing for self-confidence) and
the opinions of neighboring agents. In the spirit of HK systems,
we define the dynamics as follows: fort =0, 1,.. .,

2 oo

|Ct| wev+Cy

Here, p represents a “self-confidence” weight such that 1/N <
p < 1. This choice implies that the agent places more trust in
their own opinion than in that of at least one other agent,
without being excessively confident. Because of the presence
of p, we may assume that C; does not contain the origin 0.

If we view each x, (1) as a row vector in R, the update (2)
specifies an N-by-N stochastic matrix Fc,. Let x(7) denote the
N-by-d matrix whose rows are the N agent positions x,, (¢), for
v € V. We have x(¢ + 1) = Fc,x(t). The matrix Fc, may not
be symmetric but it is always doubly-stochastic. This means
that the mass center 17x(¢)/N is time-invariant. Since the
dynamics itself is translation-invariant, we are free to move the
mass center to the origin, which we do by assuming 17x =07,
where x denotes x(0).

Obviously, some initial conditions are uninteresting: for
example, x = 0. For this reason, we choose x randomly;
specifically, each x, is picked iid from the d—dimensional
normal distribution N (0,1). In the following, we use the
phrase “with high probability,” to refer to an event occurring
with probability at least 1 — ¢, for any fixed & > 0. Once we
have picked the matrix x randomly, we place the mass center
of the agents at the origin by subtracting its displacement from
the origin: x « x — %llTx.

The agents will be attracted to the origin to form a single-
point cluster of consensus in the limit. Responding to their
contrarian nature, the agents will restore mutual differences
by boosting the own opinions. For that reason we consider the
scaled dynamics: y(0) = x and, for t > 0,

y(t+1) =& Fe,y(1), 3)

where &; is chosen so that the diameter of the system remains
roughly constant. As scaling leaves the salient topological and
geometric properties of the dynamics unchanged, the precise
definition of &; can vary to fit analytical (or even visual) needs.

xp(t+1) = px, () +

A. Preliminaries

To analyze the model, it is sufficient to focus on a single
connected component of G¢,. As C; spans the vector space V
if and only if G, is strongly connected,! we assume that C,
spans the vector space V, which implies that |C;| > m.

For clarity, throughout the remainder of this section, we
write C; as C, omitting the subscript ¢. The presence of the
weight p > 0 in (2) ensures that the diagonal of F¢ is positive.
Together with the strong connnectivity assumption, this makes
the matrix F¢ primitive, meaning that F' éi > 0, forsome k > 0.
By the Perron-Frobenius theorem [20], all the eigenvalues of
Fc lie strictly inside the unit circle in C, except for the dominant
eigenvalue 1, which has multiplicity 1. For any u,v € V,
we write ¢} = w*"), where w = €>™/". We define the
vector YV = (¢, |u € V) and easily verify that {¢* |v € V}
forms an orthogonal eigenbasis for Fc. The eigenvalue A,
corresponding to " satisfies

Avw:,:pwhl;f’ >, =pw;+1|_7|”(2wz)w;-

| weu+C heC

‘We conclude:

Lemma 2.1. Each v € V corresponds to a distinct eigen-
vector ", which together form an orthogonal basis for CV.
The corresponding eigenvalue is given by

1-p

Ay =p+—rt

(v,h)
w .
IC|

heC

We define 4 = max,cy{|4,] < 1} and denote by W =
{v € V : |d,] = A} the set of subdominant eigenvectors.
The argument of A, plays a key role in our discussion, so we
define 6, such that A, = |A,|w®, with 6, € (-n/2,n/2] (we
will prove in (6), 4, # 0 for v € W, so 6,, is well defined).

B. The evolution of opinions

We begin with the case of a fixed convolution set C; = C.
The initial position of the agents is expressed in eigenspace
as x = ﬁ Soev ¥ (w¥)Hx. Let z, denote the row vector
Wy = ¥ ,cv 0 %, Because (y")Hx = 17x = 07,
forv=0€eV,

1
x0=5 D A @)

veV\{0}

Lemma 2.2. With high probability, for all v # 0,

Q(W1/N) = llzyll = O(dN TogdN ).

Proof. Let a = (ay)yey be the first column of the matrix
x. For each u € V, by the initialization of the system, a, =
lu — 6, where £, ~ N(0,1) and 6§ = ﬁlf{. Given v # 0,
YV is orthogonal to ¢¥° = 1; hence (¢v*)"a = (y")H(¢ -
61) = (y*)H¢. Since the random vector ¢ is unbiased and
lw= V)| = 1, it follows that var[(y")a] = ¥,y varg, =
N. Thus, the first coordinate z,, ; of z, is of the form a +ib,
where a and b are sampled (not independently) from N (0, 0'12)
and N(0,07), respectively, such that o7 + o5 = N. Thus,

Proof is provided in the full version of the paper [19].
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|zy.1] < & with probability at most 26/VaN. Conversely, by
the inequality erfc(z) < e~ for z > 0, we find that |zy.1| =
O(+/Nlog(dN/g)), with probability at least 1 — &/dN, for
any 0 < & < 1; hence ||zy|]2 = O(~4/dN log(dN/¢)), with
probability at least 1 — &/N. Setting § = e4/7/4N and using a
union bound completes the proof. O

We upscale by setting & = 1/4; hence y(t + 1) = y(¢)/A.

Theorem 2.3. Let a;, and by, be the row vectors whose
u-th coordinates (u € V) are cos(2n{h,u)/n) and
sin(2n{h, u)/n), respectively. With high probability, for
each v € V, the agent v is attracted to the trajectory of
vy (1), where

yu(t) = # Z (cos 2O i 27r(t9hn+<h,v>))
hew

Let p := max{|A,|/A < 1} be the third largest (upscaled)
eigenvalue, measured in distinct moduli. The error of the
approximation decays exponentially fast as a function of

p:
e = Wlle _ 2 JaTogan ).
lyv(DIlF

an

by x. (5)

Proof. Since the eigenvalues sum up to trFc = pN and 1 has
multiplicity 1, we have pN < 1+(N—1)4;hence,by p > 1/N,
PN
N-1
Writing u, = 4,/A and p = max{|u,| < 1}, we have |u,| =1

for v € W;recall that W = {v € V : |4,| = 1}. By (4), it
follows that

Pl 0. (6)

1
Y =< Dz + (), (M

vew
where, by Lem. 2.2, with high probability,

1

In@lr = |5 |

veV\(Wu{0})

w2 llzvll2
veV\ (WU{0})

= O(u'N+/dlogdN).

The lower bound of the lemma implies that, for any v € W,
2 H
t 14 _ t v t v
H Z Y2yl tr( Z g zv) ( Z g Zv)
vew vew

vew
wf D Az
vew

N-tr{ Z sz{zv}

veWw

N llzl3 > Q).

veWw
For large enough ¢ = Q(log(dN)/log(1/u)), the sum
in (7) dominates n(¢) with high probability, while the lat-
ter decays exponentially fast. Thus the dynamics y(¢) is
asymptotically equivalent to y*(z) = % Yvew MLYY Z,. Recall

1

IA

that A, = |A,|w®; since, for v € W, u, = A,/ has
modulus 1, it is equal to w®. This implies that y%(r) =
ﬁ Shew Suey W Oty Because y (1) is real, we can
ignore the imaginary part when expanding the expression
above, which completes the proof. O

C. Geometric investigations

The trajectory yj (¢) is called the limiting orbit.2 Thm. 2.3
indicates that, with high probability, every orbit is attracted to
its limiting form at an exponential rate, so we may focus on
the latter. Given the initial placement x of the agents, all the
limiting orbits lie in the set S, expressed in parametric form by

S = 1 Z {(ahx) cos Xp, + (byx) sin Xh}. (8)
N
heW

Recall that a,x and byx are row vectors in R%. The attractor
S is the Minkowski sum of a number of ellipses. We examine
the geometric structure S and explain how the limiting orbits
embed into it. To do that, we break up the sum (5) into three
parts. Given h € W, we know that 15, # 0 by (6), so there

remain the following cases for the subdominant eigenvalues:
o real Aj, > 0: the contribution to the sum is ¢, x, where ¢,

is the row vector

2x(h . 2n(h
ey =% Z{ahcos¥+bhsm¥}. 9)
heW: 6,=0

e real A, < 0: the contribution is (-1)’d,x, where,
likewise, d,, is the row vector

dy = ﬁ Z {ahcoszﬂnﬂ + by, sinhilﬂ } (10)
heW: 6p,=n/2

e nonreal Ap: we can assume that 6, > 0 since the
conjugate eigenvalue A, = A_j is also present in W.
The contribution of an eigenvalue is the same as that of
its conjugate since a; = a_p and by, = —b_j. So the
contribution of a given 6 > 0 is equal to e,, gx, where

) 27 (t0+(h,v)) . 2n(t0+(h,v))
ev,0 =N ay, cos n +by, sin P

heW: 6,=60

20t . 2n0t
+ by g sin s
n

= ay, g Ccos

and3

av,e\ _ 2 (—27r<h,v>) (ah)
-z R =LY .an
(bv,H) N heW;h—H n by,

Putting all three contributions together, we find

yi(t) =cyx + (=1)'d,x

276t 2r6t
+ Z {av,g cos o + b, g sin d }x,
n n
Oec
where 9 is the set of distinct 8, > O for 4 € W and all other
quantities are defined in (9, 10, 11). See Fig. 1 for an illustration
of a doubly-elliptical orbit around its torus-like attractor.

(12)

2The phase space of the dynamical system is RZ™Y, but by abuse of notation
we use the word “orbit” to refer the trajectory of a single agent, which lies in
R4,

SR(a) = (cos a

sin @

—sina
cosa |’
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Fig. 1. Two orbits of a single agent around its attractor.

1) Generic elliptical attraction: We prove that, for almost
all values of the self-confidence weight p, the set W generates
either a single real eigenvalue or two complex conjugate ones.
By (12), this shows that almost every limiting orbit is either a
single fixed point or a subset of an ellipse in R¥.

Theorem 2.4. There exists a set A of at most () reals
such that the set W is associated with either a single
real eigenvalue or two complex conjugate ones, for any
pe(1/N, 1)\ A

The system is called regular if p € (1/N, 1) \ A. For such
a system, either (i) ¢ = {6} and ¢, = d,, = 0, or (ii) ¥ = 0 and
exactly one of ¢, or d, equals 0. In other words, by (12), we
have three cases depending on the subdominant eigenvalues:

CyX : real positive
yo(@®) =1 (-D'd,x : real negative
(av,g cos 27;6t + by, g sin 27;0[ )x . conjugate pair.

(13)

Lemma 2.5. Consider a triangle abc and let e = pc+(1-p)a
and f = pc+ (1 - p)b. Let O be the origin and assume that
the segments Oe and Of are of the same length (Fig. 2);
then the identity |a|* — |b|* = lz_—pp(b —a) - ¢ holds.

Proof. Letd := %(e + f) be the midpoint of e f. The segment
Od lies on the perpendicular bisector of e f, so it is orthogonal
to ef; hence to ab. Thus, d - (b —a) = 0. Since d = %(ch +
(1 = p)a+ (1 = p)b), the lemma follows from (2pc + (1 —
p)a+b))-(b—a)=0. O

Fig. 2. A triangle identity.

Proof of Theorem 2.4. Choose two distinct u,v € W. Ap-
plying Lem. 2.5 in the complex plane, we set: a =
ﬁ Shec WM b = %I Shec @M iand e = 1;thuse = A,
and f = A,, which implies that the segments Oe and O f are
of the same length. Abusing notation by treating a, b, ¢ as both
vectors and complex numbers, we have (b —a) -c = R(b—a);
therefore,

2R (b -a) +lal* - 1b1*)p = lal* - |b|.

1) If 2R(b — a) + |al> = |b|* = 0, then |a| = |b|, which
in turn implies that R (b — a) = 0; hence a = b and

Ay =4,
2) If2R(b—a)+|a|*>~|b|> # 0, then p is unique: p = p,,.,.
We form A by including all numbers p,, ,,, withu,v € W. 0O

2) The case of cycle convolutions: It is useful to consider
the case of a single cycle: m = 1. For convenience, we momen-
tarily assume that n is prime and that >~ 7 # 0 (mod n);
both assumptions are dropped in subsequent sections.

Lemma 2.6. Each eigenvalue A, is simple.

Proof. Because n is prime, the cyclotomic polynomial for w is
®(z) = 2" '+7" 2+ - -+z+1.Itis the minimal polynomial for
w, which is unique. Note that (v, ) = vh, since m = 1. Given
v € V, we define the polynomial g,(z) = Yjcc 2" in the
quotient ring of rational polynomials Q[z]/(z"—1). Sorting the
summands by degree modulo n, we have g,,(z) = ZZ;& qv.xzk,
for nonnegative integers g x, where X, gy x = |C|. If 1, = 4,,,
for some u € V, then, by Lem. 2.1, g, (w) = g,(w); hence @
divides g, — g,. Because the latter is of degree at mostn — 1,
it is either identically zero or equal to @ up to a rational factor
r # 0. In the second case,

(qv,n—l _qu,n—l)zn_l +- '+(CIV,1 _CIu,l)Z+QV,O_CIu,O =r®.

This implies that g, x — gy, x =r # 0, forall 0 < k < n, which
contradicts the fact that )}, gv.x = Xk qu.k = |C|; therefore,
8v = 8u-
1) If v =0, then g,,(z) = |C|; hence g,(z) = |C|and u =0,
i.e., v =u.
2) Ifv # 0, then let S, = {w""*| h € C}. Because Z/nZ is
a field, the |C| roots of unity in S, are distinct; hence
gv.k € {0, 1}. It follows that S, = Sy, and |S,| = |S,| =
|C|; therefore, for some permutation o of order |C|, we
have vh = uo (h), for all h € C. Summing up both sides
over h € C gives us v Y ec h = U X pec i (mod n);
hence v = u, since }},cc h # 0 (mod n). O

By (13), the limiting orbit is of the form y}(¢) = c¢,x or
yi(t) = (=1)"d,x if the subdominant eigenvalue is real. Oth-

erwise, the orbit of an agent approaches a single ellipse in R¥:

for some 6 > 0, y% () = | ay, g cos 2’;9’ + b, g sin 2”—;” )x.

3) Opinion velocities: Assume that the system is regular,
so W is associated with either a single real eigenvalue or
two complex conjugate ones. If J = 0, by (12), every agent
converges to a fixed point of the attractor S or its limiting
orbit has a period of 2. The other case ¢ = {0} is more
interesting. The agent approaches its limiting orbit, which is
periodic or quasi-periodic. The rotation number, @ := 0/n, is
the (average) fraction of a whole rotation covered in a single
step. It measures the speed at which the agent cycles around
its orbit. It is possible to prove a lower bound on that speed.+

Theorem 2.7. The rotation number « of a regular system

. I-p (1
satisfies @ 2 —*= (W)

4Its upper bound is 1/2.
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The proof of Theorem 2.7 is given in [19]. Our next result
formalizes the intuitive fact that self-confidence slows down
motion. Self-assured agents are reluctant to change opinions.

Theorem 2.8. The rotation number of a regular system
cannot increase with p.

Proof. We must have |¢#| = 1. Let 4; be (an) eigenvalue
corresponding to the unique angle in ¢; recall that 0 < 6, <
n/2. As we replace p by p’ > p, we use the prime sign with all
relevant quantities post-substitution. Thus, the subdominant
eigenvalue for p’ associated with ¢ is denoted by A/; again,
we assume that |[¢'| = 1. Note that v might not necessarily be
equal to /; hence the case analysis:

o v = h: Using the same notation for complex numbers and
the points in the plane they represent (Fig. 3), we see that
A), lies in (the relative interior of) the segment 14,; hence
9;1 < Qh.

e v £ h: We prove that, as illustrated in Fig. 3, all three
conditions |A| > |41, |4} < |4}], and 8, < 6], < n/2,
cannot hold at the same time, which will establish the
theorem. If we increase g continuously from p to p’,
01, (q) decreases continuously (we use the argument ¢
to denote the fact that 6, corresponds to the eigenvalue
defined with p replaced by ¢g). Since, at the end of that
motion, |4;(q)| < |4,(¢q)|, by continuity we have p, <
p’, where p, = min{g > p : |Ax(q)| = |4 (q)]}. To
simplify the notation, we repurpose the use of the prime
superscript to refer to p, (eg, p” = po). So, we now have
|4, = |4, and 6, < 6}, < 6, < n/2. It follows that (i)
the point A, lies in the pie slice of radius || running
counterclockwise from A, to —|4;| on the real axis. Also,
because |4, = |1}] and [44] > |4,], setting ¢ = 1 as
before in Lem. 2.5 shows that (i) R(1,) > RKR(1,).5
Putting (i, ii) together shows that 8, > n/4 (as shown
in Fig. 3). Consequently, the slope of the segment 4,4,
is negative. Since that segment is parallel to 1) 4, the
perpendicular bisector of the latter has positive slope.
Since that bisector is above 2], and J (1) > 0, this implies
that 0 and A} are on opposite sides of that bisector; hence
|4, < |4},], which is a contradiction. )

Fig. 3. Why self-confidence slows down the dynamics: proof by contradiction.

D. Equidistributed orbits
The attractor S is the Minkowski sum of a number of ellipses
bounded by |W|. An agent orbits around an ellipse as it gets

5The keen-eyed observer will notice that in the lemma we must plug in
(po — p)/(1 — p) instead of p.

attracted to it exponentially fast. In a regular system with
9 # 0, its limiting orbit is periodic if the unique angle 6,
of ¢ is rational; it is quasi-periodic otherwise. In fact, it then
forms a dense subset of the ellipse. By (12), this follows from
Weyl’s ergodicity principle [21], which states that the set {at
(mod 1), |t > 0} is uniformly distributed in [0, 1), for any
irrational a.

Dropping the regularity requirement may produce more
exotic dynamics. We exhibit instances where a limiting orbit
will not only be dense over the entire attracting set but, in fact,
uniformly distributed. In other words, an agent will approach
every possible opinion with equal frequency. This will occur
when this property holds:®

Assumption 2.9. The numbers in 9 U {1} are linearly
independent over the rationals.

We explain this phenomenon next. Order the angles of
arbitrarily and define the vector @ = (a1, ..., ;) € [0, %]S,
where s = || and a; = 6/n for the j-th angle 6 € . We
may assume that ¢, = d, = 0 in (12) since these cases
are rotationally trivial. By Assumption 2.9, 0 is the only
integer vector whose dot product with « is an integer. We use
the standard notation ||a||r/z = maxXg<s mingez |ax — al. By
Kronecker’s approximation theorem [22], for any 8 € [0, 1]°
and any & > 0, there exists ¢ € Z such that ||ga—B||r/z < .1t
follows directly that, with high probability, any limiting orbit
is dense over the attractor S. We prove the stronger result:

Theorem 2.10. Under Assumption 2.9, any limiting orbit
is uniformly distributed over the attractor S.

We mention that, in general, Assumption 2.9 might be
difficult to verify analytically. Empirically, however, density
is fairly obvious to ascertain numerically with suitable visual
evidence (Fig. 4). We define the discrepancy D(S;) of S; =

Fig. 4. Two examples where an agent approaches every point on its attractor
with equal frequency. In each case, the curve traces the orbit of the agent.

’pl)9 with pi € RS’ as
A(B;1)
t

(p1,...

D(S;) = sup - pus(B) |,

BeJ
where gy is the s-dimensional Lebesgue measure and
A(B;t) = |{i| p; € B}| and J is the set of s-dimensional boxes
of the form [];_, [a;, b;) C [0, 1]°. The infinite sequence S
is said to be uniformly distributed if D(S;) tends to 0, as ¢
goes to infinity.

6The coordinates of a = (ajy, ..., ay) are linearly independent over the
rationals if 0 is the only rational vector normal to a.
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Lemma 2.11. (ErpGs-TurAn—Koksma [21], page 116).
For any integer L > 0,

L) €Z5.

1 11O on
295+l - 2xi{,pk)
D(S;) <2573 (L+ E r({’)‘t E e k
0<||¢llo<L k=1

where r(€) := ]_[‘;:] max{l, |¢;|} and £ = (€1, ..

Proof of Theorem 2.10. We form the sequence pq,...,p; €
[0, 1)® such that py = ka (mod 1); where each coordinate
of ka is replaced by its fractional part. By Lem. 2.11, its box
discrepancy satisfies

1 11O o
D(S,) < 2s23s+1( 24 Z |_Ze2m([,ka)|)'
L 0<||¢llo<L r(6) 11 k=1
(14)
By Assumption 2.9, 0 is the only integer vector whose dot
product with « is an integer; hence y, := ¢**{6-@) % |, for

any ¢ # 0. It follows that

t t t+1
’ZeZHiU’,ka) :‘Zyé‘z))’f—)’f . 2 .
o = I=7ve 1T =l
By (14), for any ¢ > 0,
1 1 2
D(Sy) < 2s23s+1(— - 1 ) <3,
o<iecr 11 =7l
for L = [452%“} andt > (8/6)s*3*1 ¥ |1-y/"". O
0<lI€lw<L

III. EXAMPLES

We illustrate the range of contrarian opinion dynamics by
considering a few specific examples.

1) Fixed-point attractor: Set m = 2 and C
{(1,0), (0,1),(-1,0),(0,-1)}. By Lem. 2.1, for any v
(vi,v) €V,

Ay =p+ ! _p(cos 211 + cos 271112)'
2 n n
The eigenvalues are real and 4 = max,cy{|d,| < 1} = p +
%(1 — p)(1 +cos2n/n). For any h € C, 1, = A and 6, = 0;
hence C € W. A simple examination shows that, in fact,
W =C.By (9, 12), given j € [d],”

2r(vi + ;) 2r(v2+ ;)

vy (1); = Ajcos +BjcosT,

where A, B;, a;, B; do not depend on v but only on the initial
position x. This produces a 2D surface in R? formed by the
Minkowski sum of two ellipses centered at the origin (Fig. 5).

Fig. 5. The attractor on which each agent converges to a fixed point.

7As usual, [d] denotes {1, ..., d}.

2) Periodic and quasi-periodic orbits: Setm =2 and C =
{(1,0),(0,1)}. By Lem. 2.1, forany v € V, A, = p+52 (0" +
w"); hence A = maxyev{|d,] <1} = 3|1+ p+ (1 - p)w| and
W ={(1,0), (0,1),(-1,0), (0,-1)}. Specifically, 1, is equal
to 2(1+p+(1-pw), forv e {(1,0),(0,1)}, and to its
conjugate, for v € {(-1,0),(0,-1)}. By (11, 12), we have
¥ = {6}, where

n (1= p)sin2n/n
0=|— t , and
(2ﬂ)arcan(l+p+(1—p)cos27r/n an

20t )
x.

20t .
() = (av,g cos — + by, g sin
n

Fix a coordinate j € [d]; we find that

2n(6t +vi + ;) 2r (0t +vo + )
——+Bjcos ————,

*
vy (t)j =Ajcos - -
for suitable reals A;, B;,a;,[; that depend on the initial
position x but not on v. This again produces a two-dimensional
attracting subset of R¢ formed by the Minkowski sum of two
ellipses. In the case of Fig. 6, the attractor is a torus pinched
along two curves. The main difference from the previous
case comes from the limit behavior of the agents. They are
not attracted to a fixed point but, rather, to a surface. With
high probability, the orbits are asymptotically periodic if 8
is rational, and quasi-periodic otherwise. For a case of the
former, consider p = 0, which gives us

0= ( n )arctan sin2n/n 1
27 1 +cos2n/n

hence periodic orbits.

2 )

Fig. 6. A periodic orbit on the left with the full attractor on the right.

3) Equidistribution over the attractor: Putm =2 and C =
{(1,0),(0,1),(2,3)}. Weset p = 1 /4. For any v € V, we have

1-p

2vi+3vy ) .

A, =p+ (W + 0" +w

We found numerically W = {(1,0), (1,-1), (-1,0), (-1, 1)}
and ¢ = {01, 6,}, where

0 = (%) arctan( sin27 /n+sindn/n )

2+cos 27 /n+cosdn/n

_(n —sin2zx/n
b = (ﬂ) arctan ( 1+3§2:r(1)sg7r/n) :
By (12),
" 270t . 2mOt
(1) = Z (av,gk cos . + b, g, sin . )x

k=1,2

Computer experimentation points to the linear independence
of the numbers 1, 81, 6, over the rationals. If so, then Assump-
tion 2.9 from Section II-D holds and, by Thm. 2.10, any limit-
ing orbit is uniformly distributed over the attractor S (Fig. 7).
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Fig. 7. A single agent’s orbit is uniformly distributed around its attractor.

IV. DyNnamic SociaL NETWORKS

We define a mixed model of contrarian opinion dynamics.
Let M = {Cy,...,C} be a set of s nonempty subsets, each
one spanning the vector space V. At each time step 7, we define
the matrix F¢c by choosing, as convolution set C, a random,
uniformly distributed element of M. As before, we assume
that 17x = 0. Let A; j.v be the eigenvalue of Fc, associated
with v € V. Given an infinite sequence /o, of 1nd1ces from [s],
we denote by I; = ki, ..., k; be the first ¢ indices of /., and
we write Ay (1;) = [Ixeys, Ak,v. We generalize (4) into

() == > AUz,

vev\{0}

15)

where z, is the row vector Y,,cy w™V%x,,.

A. Spectral decomposition

Write 4 = | [T /lj,v|1/s and A = max, v\ (0} A7 ; because
all the eigenvalues other than 4; ¢ = 1 lie strictly inside the
unit circle, we have 4 < 1. Without loss of generality, we can
assume that A > 0. Indeed, suppose that A = 0; then, for every
veV\ {0} there is j = j(v) such that A; , = 0. This presents
us with a “coupon collector’s” scenario: with probability at
most N(1 — 1/s)" < Ne~'/s, we have A, (1) # 0 for at least
one nonzero v € V. In other words, with high probability, every
coordinate of x(¢) in the eigenbasis will vanish after O (s log N)
steps; hence x(#) = O for all ¢ large enough. This case is of
little interest, so we dismiss it and assume that A is positive. We
redefine W={v e V[AS =2} Let W = {v e V| A} < A}

Lemma 4.1. If W’ is nonempty, there exists ¢ < 1 such that,
with high probability, for all t large enough,

, < ¢! mi
max Ay (I)] < ¢ min [Aw (£)].

Note that the high-probability event applies to all times ¢
larger than a fixed constant. The proof involves the comparison
of two multiplicative random walks.

Proof. Fix w € W and w’ € W’. We prove that |A,,/(I;)] <
c'|Aw (Ip)]. If A%, = 0, then 4;,, = 0, for some j. With
high probability, the sequence I; includes the index j at least
once for any ¢ large enough; hence |A,,(I;)| = 0 and the
lemma holds. Assume now that /13, > (; for all j, both of
Ajw and 4; ,, are nonzero. Write Sy, (I;) = log [Txey, [Ax,v],
for v = w,w’, and note that S, (I;) = tlog A} + Yes, Th,vs
where o, = log|dk,| — logAy. Let ¢ = maxg,, |0 v|.
The random variables oy, are unbiased and mutually inde-
pendent in [—o,o]. Classic deviation bounds [23] give us

PH Sker, Ckn| > b] < 2e7V121) Tt follows that [S, (1) —

tlog | = O(o+/t In(tN) ) with probability 1 — a/(¢N)?, for
an arbitrarily small constant @ > 0. Since Y,. 1/t> = 72/6,
it follows that, for arbitrarily small fixed & > 0 and all ¢ large
enough, with probability at least 1 — £/N2,

|Aw (1)

Io =Sw(ly) = Sw (]
&A1) ~ S0 = Sl
A3 t A3
> tlog =~ O(o+tlog(tN)) > 3 log ST
w’ w’

for any given w € W and w’ € W’. We conclude by setting

¢ = MaXyew,wew’ /4, /A and using a union bound. O

We define the scaled orbit y(7) = x(r)/A'. Reprising the
argument from Thm. 2.3, we conclude from (15) that, with
high probability, the limiting orbit is of the form

P

heW kel

_ LS (] Bt g,

heW kel,

yi(t) =

where /lk,h = |Agp|w%n . Tt follows that
yi(r) = v Z (l_[ |k, nl )kael,Gk,h+<h’v> Z a)_<h’”>xu
heW kel uev

If we put Xy = 22 ((h,v) + Xyey,0k.n), then, with aj, and by,
being the row vectors defined in Thm. 2.3,

() = % Z ( l—[ [ Akn] ) ((ahx) cos Xp, + (bpx) sinXh).

heW kel A

B. Surprising attractors

Adding mixing to a model increases the entropy of the
system. It is thus to be expected that the attractor of a
mixed model should have higher dimensionality than its pure
components. The surprise is that this need not be the case.
We exhibit instances of contrarian opinion dynamics where
mixing decreases the dimension of the attractor. To keep the
notation simple, we consider two pure models M; = {C;},
M, = {C,} alongside their mixture M3 = {Cy, C2}.

Theorem 4.2. The dimension of the mixture’s attractor
can be arbitrarily smaller than those of its pure compo-
nents, i.e., for any k € [m], there is a choice of C| and
C, such that dim M3 = k and dim M; = dim M, = m

Proof. We define C; = (ej,...,ep) and Cp =
(e1y...rek,2er41,...,2€,), for any k € [m], where e; is
the one-hot vector of V whose i-th coordinate is 1 and all
the others 0. Let W; be the set W corresponding to the
system M;. We easily verify that W; = +C; and W, =
+{e1,....,ex, 27 epr,. ... 27 ey }, where 27! is the inverse
of 2 in the field Z/nZ. A vector v € W; and its negative
contribute to the same ellipse, so we have dim M; = dim M, =
m. We note that [ p| =4 = |1+1_7p(w—1)|,f0rh e WiUWy;
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hence A3 = A for h € W) N W, and A3 < A for all other values
of h. It follows that dim M3 = k. m]

Fig. 8 illustrates Thm. 4.2. for m = 2, n = 29, C; =
{(1,0), (0,1)} and C, = {(1,0), (0,2)}. The initial positions
are random and identical in all three cases.

Fig. 8. The two attractors of the pure models M; (i = 1, 2) on the left, with
the lower-dimensional attractor of the mixture on the right.

We can generalize the mixed model by picking C (resp. C2)
with probability 1 — g (resp. ¢), where 0 < g < 1. For this, we

redefine 1(q) = |/li;q/lg’v| and A(q) = max,ev\ (0} 4} (q).

Theorem 4.3. The mixture’s attractor can be larger than
those of its pure components, i.e., there is a choice of C|
and Cy such that dim M3 > dim M, = dim M, = m.

Proof. Borrowing the notation of the previous proof, we define
C = (e1,...,e,) and Cy = (2ey,...,2¢e,) and verify that
W) =+Cyand W, = {27 ey, ..., 27 e, }; hence dim M, =
dim M; = m. Assuming that n > 3, we note that the sets
Wi and W, are disjoint. Regarding the mixed system, we have
W(g) = {v eV : 2i(q) = A(q)}, where W(0) = W; and
W(1) = W,. Around ¢ = 0, we have, for all v € W(0),

1 1-

_p(w—l))l_q
m

Since W(0) # W(1), by continuity, there are ¢ € (0,1), w €
W(q) \ W(0) such that ;5 (¢) is equal to the r.h.s. of (16). This
implies that W(g) 2 W(0) U {w}, which yields Thm. 4.3. O

Fig. 9 illustrates Thm. 4.3 for m = 2, n = 29, p = 0.9,
g = 0.0306, C; = {(1,0),(0, )} and C> = {(2,0),(0,2)}.
The initial positions are random and identical in all three cases.

(q) = |1+ x)1+ p(w2—1)|q. (16)

Fig. 9. The two attractors of the pure models M; (i = 1, 2) on the left, with
the higher-dimensional attractor of the mixture on the right.

V. CONCLUSIONS

We studied an opinion dynamics model where agents update
their opinions at discrete time steps. The updates occur through
a weighted average of each agent’s own opinion and those of
its neighbors in a social network in the form of a Cayley graph.

In this model, agents either converge to a nonconsensual
equilibrium or exhibit cyclic behavior around an attractor, with
the attractor’s geometry being dependent on the structure of
the Cayley graph. We classified different types of attractors,
analyzed the agents’ velocities and distribution on the attractor,
and studied the effects of a randomly changing network.
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