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1 Review

1.1 Stream Model and Frequency Moments

In stream model, the data to be processed are given to us one by one as a sequence and
cannot be stored, mainly due to the consideration of space complexity. So in this model
there is not a single moment when we have the full data set in hand. However, we are still
able to learn or estimate some global properties of the sequence of data, such as frequency
moments.

Let A = (a1, as,...,a,) be a sequence of elements, where each a; is a member of N =
{1,2,...,n}. Let m; denote the number of occurrences of element i in the sequence A, and
define, for each £ > 0

as the k’th frequency moment. In particular, Fj is the number of distinct elements
appearing in the sequence, F} is the length of the sequence. The frequency moments of a
data set represent important demographic information about the data, and are important
features in the context of database applications.

1.2 Estimation in Stream Model

It is rather straightforward to maintain the (exact) frequency moments by maintaining a full
histogram on the data, i.e., maintaining a counter m; for each data value i € {1,2,...,n},
which requires memory of size 2(n). However, sometimes it is important to reduce the space
complexity. In the previous lecture, we have learned about some randomized algorithms that
can approximate £} and F5 using limited memory.

The basic idea behind these randomized algorithms is to devise a random variable Y
whose computation only requires limited memory in stream model and whose expectation
E[Y] equals to the value V' we want to estimate. Using F as an example, we have constructed
its estimator Y as follows: given H, a family of hash functions and for each h € H,

h:{1,2,...,n} — {+1,-1}
randomly pick an A from H and let
Z; :h(2> 1€ {1,2,...,71}

n
i=1
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then, our estimator for Fj is
Y = X?

It is easily to see that X, thus Y, can be computed using only one counter (O(logm) bits)
in stream model. Also

EY] = B[ zm;)?

= E[}_aimi+ ) wzymm]
i
= > mi+ Y mm;Blwizj]
i
= D>_m; + Y mm;Elxi] Elx)]

i#]
In order to proceed with the above deduction, we assume following two things about H:
e pair-wise independency, that is, Pr[h(i) = z, h(j) = y| = Pr[h(i) = z] - Pr[h(j) = y|
so that Elz;z;| = Elx;|Ex;] for all i # j
e Pr[h(i) =+1] = Pr[h(i) =—1] so that E[x;] =0 for all

if we randomly pick an h from H.
If we can further prove that var[Y] < O(V?), then we can come up with the following
scheme:
Y11, Yig, ..., Yig, Yor, Yoo, ..o, Yoo, -+

Cl Cl

Co
where Y;;’s are independent tests on the same data set. Let Y; be the mean of Y1, Yo, ..., Yie,
and Y be the median of Y7, Y5, ..., Ys,. We proved following theorem in last lecture. For
more details about the proof, please refer to the note of last lecture.

Theorem 1.1 If E[Y;;] = V and var[Y;;] < O(V?), the above scheme guarantees that
PrilY = V| <eV] >1—4, for some C; = O(1/e?) Cy = O(log(1/4)).

Notice that in order to prove var[Y] < O(V?) for Fy’s case, we further assume that H is
4-wise independent, because there are terms like E[z;x;z2;] showing up in the proof.

2 More Examples of Estimation

2.1 Estimation with Multiple Streams

There are situations where we want to estimate some properties about multiple data steams.
For example, let us consider the case with two data steams, say

f; = number of element i in 1°* stream
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¢; = number of element 7 in 2" stream

how do we estimate >.(f; — ¢;)%7 It is easy to show that by choosing

X=Y2(fi—g)=> aifi =Y wigi = XV - X
Y = X?

all the known results about F5 can be applied here.

As a more realistic example, let’s try to estimate Y f;g;. This value has its meaning in
database applications: for two tables {< a;,b; > | a; € A, b; € B} and {< bj,¢; > | b; €
B, ¢; € C} in a relational database, let f; and g; denote the number of occurrences of element
i in column B of these two tables, respectively, then Y f;g; indicates the size of the result of
joining these two tables. We can construct its estimator as follows:

Y = X = Z«Tzfz szgz

ElY] = E[(lefl)(zngz)]
= E[Zl"?figmLZxﬂjfigj]

i#j
= Z figi
and

varlY] = E[(X(l @) — (BXMX®])

= Zx2fzgz 2 + szxjfzg] 2 Z (Z f¢g¢)2

o others
= E[(; 5 £19;)°]

= ; fig + ; fi9;fi9i

(i fi2><§fg}> + ; figi figi
Qg+ (XJ: fi9:)°

< 20O 9 (Cauchy Inequality)

Although we have proved that var[Y] < 2(X f2) (2 g?), since (X fA) (X g2) > (X figi)?, we
can not use the measurement scheme described before to get the same result.

IA
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2.2 Estimating F|

As we have said before, Fj is the number of distinct elements in the data stream. The most
straight forward method to get Fy would be keeping track of all distinct elements in the
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stream, but this requires O(n) memory. Here we first give a algorithm that can estimate Fj
using only O(1) memory theoretically, and then the one used in practice.

Suppose there are K distinct elements, x1, zs, ..., Tk, in the stream and H is a family of
hash function h’s, such that b : {1,2,...,n} — [0, 1] and h(z;) is evenly distributed between
0 and 1 for any x; € {1,2,...,n} if we randomly choose h from H. Let X = minX h(z;).
Since

Pr(X € [t,t +dt]] = K(1 —t)*dt

we have
E[X] = /t K(1— )5 at
- K/O (1—(1—8)(1—t)KLat

_ K(/Ol(l _pE-lgy - /01(1 e
1 1

= K——i
(K K+1)
1
K +1
E[X% = /t2 )KLt

- K/O (1= (1= 1)1 —(1—6))(1— )" dt

- K/Ol(l—Q 1)+ (1—0)2)(1— )5 1dt

1
- K(/ (1—t)K1dt — 2/ 1—tht+/ 1)K+ qt)
0
! 2, 1
K K+1 K+2
_ K(K2+3K+2—2K2—4K+K2+K
B K(K+1)(K +2)

)

2
(K +1)(K +2)
var[X] = E[X? - (E[X])?
2 1
(K+1)(K+2) (K+1)?
1
(K +1)2(1+ 2)

1
ERCEE

So all the analysis about F3 in the last lecture is applicable in estimating ﬁ, and Fy = K.
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Although the algorithm above can estimate KLH and thus Fj, it requires that the possible
values of h(z;) include all real numbers between 0 and 1, which makes A difficult to implement
in practice. So here we give an alternative approximation algorithm, where the ranges of
hash functions are just some finite integer sets.

Consider a hash function family H, where each A maps an element in a Galois Field
to another element in the same field. To be exact, h(x) = ax + b, where a, b are chosen
randomly from GF(2%), 22 > m. Here we assume that each distinct data element in the
stream corresponds to a distinct element in GF(29), so we use same variables, say x, to
represent both a data element and its counterpart in the field undistinguishedly. Each
element in GF(2%) can be represented as a bit-vector, let 7(ax + b) denote the length of the
starting sequence of consecutive 0’s in ax + b, then our new estimator Y can be constructed
as follows:

R= rglfélx r(az; +b)

Yy = 2"
For Y, we can prove following theorem:

Theorem 2.1 PrlY € [Fy/C,CFy)] > 1—3/C for any appropriate constant C'.

Proof. First let us define some notations:
Z,« = Z ZT(JIZ)

By assuming that H is fully random and pair-wise independent, we have

1 r(ax;+b)>r
0 otherwise

1
EZT i -
[Ze(2i)] = 5,
F
E[Zr]_ :
27"
jo 1. F,
var(Z,] = 5 (1= 30 < 5

PrlY > CF)] = Pr

PT[Z,«/ Z 1]
E[Z.]/1 (Markov Bounds)

/
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For Pr[Y < Fy/C], let " be the largest r such that 2" < Fy/C.

PT[Y<F0/C] =

RS

r[2f <27
Pr[R <"
Pr(Zniq = (]
PTHZT‘”—FI _— E[ 7‘”+1:|| Z EI:ZT”“FI:I]
var|Zym ]
(E[Zpma])?
Fy
L/ 5ot
Fy
= 2
/27://

< 2/C
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(Chebyshev Bounds)
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2.3 Construction of H

Using the H for estimating F, as an example, we can construct it as an explicit set of
H = {hy, ho, ..., h} of k = O(n?) vectors of length n with+1,—1 entries, and for every four
distinct coordinates 1 < iy < ... < iy < n and every choice of €1,...,¢4, € {+1,—1} exactly
(1/16) fraction of the vectors have €; in their coordinate number i; for j = 1,...,4. As
described in [2] such sets can be constructed using the parity check matrices of BCH codes.
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