probabilities %)0
gplannmg . — QT
Orepresentation & = B oinfor
; 2 5
*5superv1sec1:°g on: 3
mgradlentg ;:: g‘ Q
N sy 22
. . b <
- ﬁo ¥ s O
E' ‘Q_‘) 11 — 3
BE Emte 1 C
7. & Tsemantiesseare
O"?) 8 COS 402: Artificial Intelligence
y—={ and Machine Learning

Lecture 16: Hidden Markov Models

Sanjeev Arora

Elad Hazan

PRINCETON
UNIVERSITY

COS 402 — Machine
Learning and

Artificial Intelligence
Fall 2016



Course progress

* Learning from examples

* Definition + fundamental theorem of statistical learning, motivated efficient
algorithms/optimization

e Convexity, greedy optimization—gradientdescent
* Neuralnetworks

* Knowledge Representation
* NLP
* Logic
* Bayesnets
* Optimization: MCMC
* HMM (today) (a special case of Bayes nets)

* Next: reinforcement learning



Admin

* (written) ex4 — announced today
* Due after Thanksgiving (Thu)



Markov Chain

Markov chain with three states (s = 3) 0.1 Directed graph

and a transitition
matrix giving, for
eachi,j the
probability of
steppingto j when at .

0 1 0
T=|0 01 09
(06 04 0 |

0.6
Transition matrix Transition graph



Ergodic theorem

Every irreducible and a-periodic Markov chain has a unique stationary
distribution, and every random walk starting from any node converges to it!



Non-stationary Markov chains

“periodic”

Notice: self-loop = not
periodic anymore




Non-stationary Markov chains

0.5

“reducible”

Irreducible = for any pair of vertices,
T;;> 0 after finitely many iterations.




This lecture: temporal models
Hidden Markov Models

Hidden variables

Evidence variables
(observed)




Applications

* Time-dependent variables / problems (e.g. treating patients with
changing biometrics over time)

* Natural sequential data (speech, text, etc.).
* Example - text tagging:

the dog saw a cat
D N V D N



Hidden Markov Models: definitions

* X, =state attime t ¢_>?_>?_> ?_>
* E, = evidence attime t g :

* P(X,) = initial state © o @®

* P(X;|X;_1) — transition model = Markov chain

* P(E;|X;) — sensor/observation model, random

* Assumptions:
e Future isindependent of past given present (15t order)
P(X¢|Xo:t-1) = P(X¢|X¢-1)
e Current evidence only depends on current state
P(E¢|Xo.t, E1:t—1) = P(E¢|X¢)




Hidden Markov Models — 2" order dependencies
natural extension

Seseee

P(X¢|Xo.t—1) = P(X¢|Xp—1, X¢—2)




Hidden Markov Models — translation

11ttt

English




HMMs — questions we want to solve

1. Filtering: what’s the current state?
P(X:|E,) =2

2. Prediction: where will | be in k steps?
P(XtsrlEr) =

3. Smoothmg) where was | in the past?
P(Xk|E1.

4. Most I|keIIX(sequenc to the data
argmax P (Xo.¢| Eq.¢



Example —word tagging
by trigram HMM

the dog saw a cat
D N V D N

* Let K={V,N,D,Ady,...,*,STOP} be a set of labels. These are going to be
our states

* \V = dictionary words, these are the observations
* Model=HMM with 3 arcs back. Trigram assumption:

P(X¢lX0:t-1 ) = PK¢| X1, Xt=2), P(E¢|Xo.t, E1.t—1) = P(E¢|X¢)



Example —word tagging
by trigram HMM

the dog saw a cat
D N V D N

* We will see,
P(the dog laughs,D NV STOP) =
P(D|*,%x)X P(N| *, D)XP(V|D N)XP(STOP|N, V)X
XP(the |D) XP(dog |N) XP(laughs|V)



Example —word tagging
by trigram HMM

* Assume we know transition probabilities P(X|X:_1, X¢—5)
* Assume we know observation frequencies P(E; |X;)
* (how can we estimate these from labelled data?)



Decoding HMMs

Input: sentence E4,E,,...,E;
Output: tagging accordingto labelsin K (N,V,...), i.e. the states X,,...,X;

ie. argmax P(Xo. = xo.|E1.c = e1.r)
Xo:t

1
= argmax P(XO:t — xO:t:El:t — el:t) X
X0:t P(El:t=elzt)

By the trigram Markov assumption, we have:

P(xo.t,€1:t) = 1_[ P(xilxi—q,xi-2) 1_[ P(e;i|x;)

i=1tot i=1tot
Why?



Decoding HMMs

P(xO:t' el:t) —

= P(x1.;)XP(egy.¢|x1.t) (complete probability)

xlii—l) X Hi=1 to tP(eilxl:i—l'el:t) (Chain ruIe)

. —

[liz1t0 e P(x;

. —

— ‘.J:i=1 to tP(xi

. —

‘.J:i=1 to tP(xi

Xi—1,%Xi—2) X [li=1 to t P(€ilX1:i-1,€1.¢) (2nd order MC)

Xi—1,Xj—2) X Hi:l to tP(ei|xl-)

(cond. independence)



Decoding HMMs — Viterbi algorithm

Let

Fo = | | Poixaxin || Patxn
i=1tok i=1tok
And define
mx(u,v) = max f(Xo.x—2,u,v)
Xo:k—2

Recall: we want to compute:

argmax P (xo.t,€1.t) = argmax f (xo.¢)
Xo:t



Decoding HMMs — Viterbi algorithm

Let
f Xox) = P(X;|Xi—1,Xi—2) 1_[ P(e;|X;)
i=1tok i=1tok

And define

my(u,v) = gngx f Xo:k—2,U, V)
0:k—2

Main lemma:
mr(u, v) = max { mp— (W, u) X P(v|w,u)xP(e|v) }
w

Now the algorithm is straightforward: compute this recursively! (a.k.a.dynamicprogramming)



Viterbi: explicit pseudo code

Input: observationse;,..., e,

Output: most likely variable assignments xg, ..., X,

(usgn

Initialize: set xy,x., to be
For k=1,2,...,t do:

* Foru,vinKdo:
1. m(u,v) =max {m,_,(w,u)x Pwlw,u)xP(e,|v)}
w
2. Savethe m, (u, v) value and the assignments which meets it

* end

Return max {m;(u, v)X P(STOP |u,v)} and assignments which meets it
u,v

)

Computational complexity?



Hidden Markov Models — another view

Hidden variables:
2 states

Evidence variables
(observed, 2
options)




Hidden Markov Models — another view

POO = 02
E = uan

Markov chain with:
1. Transition probabilities that govern state

change
2. Distribution over signals/observations from
each state
PlO =0.3
E= ”b” P01 = 08

Transition matrix:
0.3 0.7

P(lla” |Xt) P(llb” |Xt) P(HCII |Xt)

Oservation matrces: AN NN (AN
0 0.7 0 0.3 0 0

E - lla”



“forward algorithm”

To compute P(X;41|eq.¢+1), recursive formula

(similar to what we did)

P(Xt+1lert+1) = @ P(et+1|Xt+1)z P(X+1lxe) P(x¢leq.t)

Xt




“forward algorithm”

To compute P(X¢;1]e1.t+1), recursive formula
(similarto what we did)

P(X¢i1le1:t41) = @ P(et+1|Xt+1)z P(X¢41lxe) P(x¢ler.t)

Xt
Derivation
P(Xt+1ler:t+1) = P(Xer1lers, €e41)
= P(e 1|e ) P(ets1|Xt+1, el:t)P(Xt+1|31:t) (Bayes)
t+11%1:t
=a P(er41|Xe+1)PXir1ler.) (Markov assumption)

=a P(et+1|Xt+1)z P(Xey1lxe) P(x¢lert)

Xt

P01 =0.8
E="“"



“forward algorithm”

To compute P(X;;1]eq.¢+1), recursive formula
(similar to what we did)

P(Xt+1|€1:t+1) = P(et+1|Xt+1)zP(Xt+1|xt) P(x¢|ep.t)

Xt

Or in matrix form, if f; is the vector of f;(x) = P(X; = x,e1.¢) :

0.3 0.7

_ T
ft+1 = a Op41T ft
P(Ila” |Xt) P(llb” |Xt)

0, - observation matrix correspondingto E.. n“ --
1 1 1 o, 7 X .
a - normalizingconstantto 1 (equalto ). P(“c”|x) ° %7 o 03

P(eq.t) m“

0 0




“backward algorithm”

Let b; is the vector of by.+(X) = P(ex.t, Xi_1) :

br+1:t =T Ok41bgs2:t

0, - observation matrix correspondingto E..

0.3 0.7

P(Ila” |Xt) P(llb” |Xt)

0 0.3

P(IICII | Xt) 0 0.7

0 0



Summary

* HMMs - useful to model time-dependent variables / problems (e.g.
treating patients with changing biometrics over time)

* Example - text tagging

e Viterbi algorithm (dynamic programming) to find the most likely
assignment to the hidden variables.
(assuming the transition probabilities are known)

* Independence assumptions allow “forward” + “backward” computations of
conditional probabilities



