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• The problem: satisfiability modulo the theory of linear rational (&
integer) arithmetic.

• Applications in program analysis & synthesis

• SMT solvers handle the ground fragment. Techniques for quantifiers:
• Quantifier elimination (expensive)
• Heuristic quantifier instantiation (incomplete)

• Today: alternating quantifier satisfiability modulo linear rational (&
integer) arithmetic via strategy improvement.
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Game interpretation

φ ≜ ∃w.∀x.∃y.∀z.︸ ︷︷ ︸
quantifier prefix

(y < 1 ∨ 2w < y) ∧ (z < y ∨ x < z)︸ ︷︷ ︸
matrix

• Two players: SAT and UNSAT
• SAT wants to make the formula true
• UNSAT wants to make the formula false

• A play of this game: SAT and UNSAT take turns picking elements of Q.

[

w 7→ 1; x 7→ 2

3
; y 7→ −1; x 7→ 1

]

The SAT player wins if the corresponding structure is a model of the
matrix.

• φ is satisfiable ⇐⇒ SAT has a winning strategy
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φ ≜ ∃w.∀x.∃y.∀z.(y < 1 ∨ 2w < y) ∧ (z < y ∨ x < z)

∃w

∀x

∃y

∀z

1

•

x + 2
x + 1

2

• •

x > 0 x ≤ 0
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Two questions:
• What does it mean to improve a strategy?
• How can we find counter-strategies?



Strategy skeletons
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Counter strategy synthesis via ground satisfiability

φ ≜ ∃w.∀x.∃y.∀z.(y < 1 ∨ 2w < y) ∧ (z < y ∨ x < z)
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∃y

∀z

0

•

x 2x

• •

¬
(
(x < 1 ∨ 0 < x)

∧(z1 < x ∨ x < z1)
) ¬

(
(2x < 1 ∨ 0 < 2x)

∧(z2 < 2x ∨ x < z2)
)−2−3

−2
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Selecting good strategies
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Model-guided term selection

Given:
• ground formula F
• model m |= F
• variable x

select(m, x,F) finds a term t such that:

• (Model preservation) m{x 7→ JtKm} |= F
• (Finite image) {select(m, x,F) : m |= F} is finite

Idea: there is a set of terms T such that ∃x.F is equivalent to
∨
t∈T

F[x 7→ t].

Use model m to select the right disjunct.
(similar to model based projection - [Komuravelli, Gurfinkel, Chaki 2014]).
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Experimental results
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~ 5.3 s

1879

Table 1-3

1 0.006

2 0.006

3 0.006

4 0.006

5 0.006

6 0.006

7 0.006

8 0.006

9 0.006

10 0.006

11 0.006

12 0.006

13 0.006

14 0.006

15 0.006

16 0.006

17 0.006

18 0.006

19 0.006

20 0.006

21 0.006

22 0.006

23 0.006

24 0.006

25 0.006

26 0.006

27 0.006

28 0.006

29 0.006

30 0.006

31 0.006

32 0.006

33 0.006

34 0.006

35 0.006

36 0.006

37 0.006

38 0.006

39 0.006

40 0.006

41 0.006

42 0.006

43 0.006

44 0.006

45 0.007

46 0.007

47 0.007

48 0.007

49 0.007

50 0.007

51 0.007

52 0.007

53 0.007

54 0.007

55 0.007

56 0.007

57 0.007

58 0.007

59 0.007

60 0.007

61 0.007

62 0.007

63 0.007

64 0.007

65 0.007

66 0.007

67 0.007

68 0.007

69 0.007

70 0.007

71 0.007

72 0.007

73 0.007

74 0.007

75 0.007

76 0.007

77 0.007

78 0.007

Table 1-2

1 0.004

2 0.005

3 0.005

4 0.005

5 0.005

6 0.005

7 0.005

8 0.005

9 0.005

10 0.005

11 0.005

12 0.005

13 0.005

14 0.005

15 0.006

16 0.006

17 0.006

18 0.006

19 0.006

20 0.006

21 0.006

22 0.006

23 0.006

24 0.006

25 0.006

26 0.006

27 0.006

28 0.006

29 0.006

30 0.006

31 0.006

32 0.006

33 0.006

34 0.006

35 0.006

36 0.006

37 0.006

38 0.006

39 0.006

40 0.006

41 0.006

42 0.006

43 0.006

44 0.006

45 0.006

46 0.006

47 0.006

48 0.006

49 0.006

50 0.006

51 0.006

52 0.006

53 0.006

54 0.006

55 0.006

56 0.006

57 0.006

58 0.006

59 0.006

60 0.006

61 0.006

62 0.006

63 0.007

64 0.007

65 0.007

66 0.007

67 0.007

68 0.007

69 0.007

70 0.007

71 0.007

72 0.007

73 0.007

74 0.007

75 0.007

76 0.007

77 0.007

78 0.007

Table 1

1 0.008

2 0.008

3 0.008

4 0.009

5 0.009

6 0.009

7 0.009

8 0.009

9 0.009

10 0.009

11 0.009

12 0.01

13 0.01

14 0.01

15 0.01

16 0.01

17 0.01

18 0.01

19 0.01

20 0.01

21 0.01

22 0.011

23 0.011

24 0.011

25 0.011

26 0.011

27 0.011

28 0.012

29 0.013

30 0.013

31 0.014

32 0.014

33 0.014

34 0.014

35 0.015

36 0.015

37 0.015

38 0.015

39 0.015

40 0.015

41 0.015

42 0.015

43 0.015

44 0.015

45 0.016

46 0.016

47 0.016

48 0.016

49 0.016

50 0.017

51 0.017

52 0.017

53 0.017

54 0.017

55 0.017

56 0.017

57 0.017

58 0.017

59 0.018

60 0.018

61 0.018

62 0.018

63 0.018

64 0.018

65 0.018

66 0.018

67 0.018

68 0.018

69 0.018

70 0.018

71 0.018

72 0.018

73 0.018

74 0.018

75 0.018

76 0.018

77 0.018

78 0.018

~ 298 s
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2421 instances drawn from SMTLIB2 & Mjollnir benchmark suite, 300s time limit.



Thanks!


