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No Collaboration: Cite any and all sources

The goal of these problems is to design and analyze a purely top-down insertion method for rank-balanced binary search trees. Recall from the class notes of 2/3 that a rank-balanced binary search tree is a ranked binary search tree in which all rank differences are 1 or 2.  
1. Give a clear and detailed description of a top-down method for inserting a new item into such a tree. “Top-down” means that the method should do any needed restructuring on the way down the tree, as it searches for the insertion position, deciding what to do by looking ahead (down the search path) a constant number of nodes. To implement such look-ahead, maintain a “trailing pointer” to a nearby ancestor of the current node of the search.  Such a pointer avoids the need to maintain parent pointers in the tree. Hint: maintain the invariant that the current node or its parent has a 2-child. To maintain this invariant, if the current node and its parent are both 1,1-nodes, increase the rank of both, and restructure the tree locally (if necessary) so that all rank differences are 1 or 2.  Verify that the time for an insertion is 
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 where n is the number of nodes in the tree.
2. (extra credit) Consider a tree built by starting with the empty tree and doing an arbitrary sequence of top-down insertions using the solution to Problem 1. Let m be the number of insertions. Prove or disprove: the total number of rank changes and rotations done by the insertions is O(m); namely, O(1) amortized per insertion.  If you think this is true, you should be able to prove it by using an appropriate potential function. One natural thing to try as a potential function is a linear function of the numbers of certain local configurations (such as 1,1-nodes, or 2-children that are 1,1-nodes.) If you think the result is false, you need to build sequences of insertions, for larger and larger m, that force a super-linear amount of updating.    
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