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Recap

e Started convexanalysis
* Gradient descent + analysis

* Today: faster optimization through randomization: stochastic gradient
descent

e Part I: how to deal with constraints?
* Part 2: SGD



Convex Functions and Sets

A function f: R" — R is convex if for z,y € dom fand any a € |0, 1],

flaz + (1 —a)y) <af(z)+(1—a)f(y)

A set C C R" is convex if for 2,y € C and any a € [0, 1],
ar+ (1 —a)y € C L

Convexity: local = global




Convexity

e Alternative definition:

f(y) = f(x) + Vf () ' (y — x)



Lipschitzness

fis G-Lipschitzif forevery x,y € K, we have

fG) = fWI<Gx—yl

Note: for convexfunctions, suffices that the gradientisbounded (why?) LER

VxeK |Vf(x)| <G

Recall for convex functions:

fO)=fO) <V (x—y) < [Vf)llx =yl <Glx —y| o S—




Optimality conditions

x* is the minimum of convex function f iff

Vf (x| =0

If we have a constrained setK, thenitis
optimum iff

[ [ v =

K

Here [[,  denotesthe projection operation,
defined as:

l:l[y] = arg glellglx -yl




Projections

For projections over convexsets, defined as
= argmin|x —
I_I[V] gmin|x —y|
K
We have the Pythagorean theorem:

ly —x|? < |y —z|*




Greedy optimization: gradient descent

* Move inthe direction of steepest
descent, which is:

VI @) = 5 (@)

Xep1 < X — NV (xt) /’
.y

“step size” or “Learning rate”



gradient descent — constrained set

Yer1 < X =NV (xe)
Xep1 = argmin|yg,, — x|




gradient descent — constrained set

Let:

e G =upperboundon norm of gradients
Verr < Xe —nVf(xe)

vV <G .
V7ol < Xes1 = argmin |y, , — x|
XeEK

e D =diameter of constraint set
Vx,yeEK . |[x—y|<D

Theorem:for step size n = GL\/T

1 DG
f (72%) = i SO+ g7

t



online gradient descent

Sequence of functions fy, f5, ..., fr. Let:
e G =upperboundon norm of gradients

VE G| <G Ver1 < X¢ — NV f(xe)
t\Xt)| =

Xep1 = argmin|yg,q, — x|

e D =diameter of constraint set
Vx,yeEK . |[x—y|<D

Theorem:for step size n = GL\/T

> filx) < min Zﬁ(x ) + 2DGT



Proof: Ver1 < X — NV f (%)
1. Observation 1: Xt+1 = aI'g r;?ell? |Ver1 — x|

|x* — Yt+1|2 = |x* — Xt|2 — 2NV (xe) (e — x7) + |Vft(xt)|2
2. Observation 2:

*

1X* — X411 S |X* — yegql?

This is the Pythagorean theorem:




Proof: Yer1 < Xe =NV fi(xe)
1. Observation 1: X¢pq = argmin |Vir1 — X
X" = ye1l? = X" = x¢|? = 20V fr (e ) (e — ™) + 02|V fe (x )|

2.  Observation 2:
IX* — X301 1% S |X*— yegq|?

Thus:
X* — X1 1% S X5 = x¢]% = 20V f(xg) O — x*) + n%G?

And hence:

D fiG) =) i) < ) ThGDG—x)
t t t

T, \ n
SZ%(IX = xel? = %" = x¢42l?) +5TG2

1
< _— D2 + T g2 < DGAT
2n 2



GD for linear classification A _@

X T

lw|s1im

@
1 , °
Wtr1 = We — Uazf (W' X, ¥:)x; @
i

* Complexity? iterations, each taking ~ linear time in data set

62

* Overall 0 ( ) running time, m=# of examples in Rd

* Can we speed it up??



GD for linear classification A _@

* What if we take a single example, o
and compute gradient only w.r.t it’s loss?? ® . o % o

* Which example?
* --> uniformly at random...

* Why would this work?



SGD for linear classification ) _@

mj L E (W Tx;,y;) ‘
lelsnlm : WXL
i

_ (v, T
Wi =W —n ¥t (Wt xit'yit)xit

* Uniformly at random?! i, ~ U[1,...,m] Has expectation = full gradient

 Each iteration is much faster O(md) = O(d), convergence??



Crucial for SGD: linearity of expectation and
derivatives

Letf(w) = %Zi&- (w), then for i; ~ U[1, ..., m] chosen uniformly at random,

we have

1 1
E[7e, (W] = 3 —7ew) = vaz 2. (w) = VE(w)



0.5

Greedy optimization: gradient descent «

0.2
0.1

. . . . . -0.1
* Move ina randomdirection, whose expectationis the Ny

steepest descent: 03

0.4 : \
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* Denote by W(W) a vector random variable whose
expectationisthe gradient,

E[Vf(w)] = 7f(w)

Xt+1 < X — Uﬁ(xt)

0.5 —
1000 500 0 500 1000 1500 2000
0y



Stochastic gradient descent —
constrained case

Ver1 < Xe—nVf(xe) , E[Vf(xt)] = Vf(x:)
Xep1 = argmin [ygq — x|




Stochastic gradient descent —
constrained set

Let: .
etG upper bound on norm of gradient estimat Vo1 e Vf(xt)
e G= u i estimators s

PP 5 E[VF(xp)] = Vf(x)

< X = arg min — X
IVf(x)| <G t+1 g T |Ver1 |

e D =diameter of constraint set
Vx,yeEK . |[x—y|<D

Theorem: for step size 11 = GL\/T

DG
T

1 (7)) < i FG + 7



Vesr < X =NV (xe)
E[Vf(x)] = Vf(x)
Proof: Xep1 = argmin [yg,q — x|

We have proved: (forany sequence of f;)

1
GZ ft(xa]) < min TZ £ (") + =

let fr(x) =Vf(x) x =V, x, then

By property of expectation:

1
E[f<?2x> mmf(x) <E< sz(xt)T(xt—x)]>S

t

=R



Ye+1 T X =1 V}T;t)
ReCa p E[Vf(xt)] = Vf(xt)

Xeyq1 = Argmin [y, — x|
XeK
* SGD convergence:
DG

E[f (%tht) — min f(x*)] < N

x*eK

 Faster per-iteration step O(d) instead of O(md)

* Faster convergence? (in terms of T)



Convexity

e definition:
f(y) 2 f(x) +Vf(x) " (y — x)

* if twice differentiable:
second derivative is non-negative (in 1D)

* Higher dimensions:
V2f(x) =0



Strong convexity and smoothness

Convexity:
74f(x) =0

Strong convexity:
V2f(x) = al

Smoothness:

72f(x) < BI

GD convergence: ( “t) e
—mi *) < "B bl
f(xr) min f(x*) < O\e (as opposed to \/T)



Summary

* (online) gradient descent algorithm with constraints
* Stochastic GD
* Conditions that imply faster convergence



